The newly proposed atomic-scale length standard, the wavelength of the 57 Fe Mo È ssbauer radiation . 
Introduction
The wavelength ! M = 86.025474 (16) pm of the 57 Fe Mo È ssbauer radiation is used in the present studies as a length standard to determine the lattice constants of Al 2 O 3 crystals, as well as the wavelengths of the 151 Eu, 119 Sn and 161 Dy Mo È ssbauer radiation. The advantage of the Mo È ssbauer wavelength standard ! M over the atomic-scale length standard most often used nowadays, i.e. the lattice constant of silicon, a = 543.102088 (16) pm (CODATA, 2000) , is the spectral sharpness of the Mo È ssbauer radiation, 3X5 Â 10 À13 in relative units, which makes its wavelength ! M extremely well de®ned. It can be easily reproduced with a unique accuracy of at least 10 À11 ! M without any special precautions regarding temperature, pressure and chemical composition of the environment in which the nuclei are placed. By controlling these parameters, an accuracy of 3X5 Â 10 À13 ! M , determined by the natural width of the 57 Fe nuclear resonance, can easily be achieved.
The ®rst attempt to introduce the wavelength of the Mo È ssbauer radiation as a length standard was made by Bearden (1965) . However, it has only now become possible to implement it. Two developments have changed the situation. Firstly, brilliant sources of the Mo È ssbauer radiation have become available at modern synchrotron radiation facilities worldwide. Techniques which are used to ®lter Mo È ssbauer photons from the white spectrum of synchrotron radiation have been reviewed by Gerdau & de Waard (1999 . Secondly, recently the absolute value of the wavelength of the 57 Fe Mo È ssbauer radiation has been measured to sub-p.p.m. accuracy in two independent experiments by Shvyd'ko et al. (2000) and Xiaowei et al. (2000) . Xiaowei et al. (2000) measured ! M with a relative uncertainty of 0.6 p.p.m. using the method of Siddons et al. (1988) by comparing ! M with the lattice constants of several silicon crystal samples. The averaged value reported by the authors is 86.02557 (5) pm.
Shvyd 'ko et al. (2000) measured ! M with a relative uncertainty of 0.19 p.p.m. using almost exact Bragg backscattering of X-rays from a calibrated reference silicon crystal kept in an environment with precisely controlled temperature and pressure. Its value is determined as ! M = 86.025474 (16) pm. The corresponding Mo È ssbauer photon energy is E M = 14412.497 (3) eV.
The values reported in the two publications differ by 1.1 p.p.m. This is a reliable basis for precise absolute measurements with the -ray wavelength standard.
In the present paper it is demonstrated how the -ray wavelength standard can be used to measure lattice constants and radiation wavelengths. The experimental technique is described in x2. All measured values are expressed both in units of ! M and in metres. In the latter case the value of ! M reported by Shvyd'ko et al. (2000) is used.
Lattice constants of sapphire (Al 2 O 3 ) single crystals are measured. Sapphire is a potential new material for X-ray crystal optics, especially attractive in applications to Bragg backscattering mirrors for interferometers, high-energy-resolution monochromators and analyzers, as it allows (unlike silicon) Bragg backscattering with high re¯ectivity for X-rays in the 10±50 keV spectral range (Shvyd'ko et al., 1998; Shvyd'ko & Gerdau, 1999) . Precise values of the sapphire lattice constants and their temperature dependences are required to predict Miller indices hkl of back re¯ections and relevant crystal temperatures for desired X-ray energies. However, lattice constants and thermal expansion data for Al 2 O 3 reported in the literature (Kirfel & Eichhorn, 1990; Brown et al., 1992; Aldebert & Traverse, 1982; Lewis et al., 1982; Yim & Paff, 1973) differ by up to 100 p.p.m. This imposes large uncertainties in the prediction of back re¯ections and relevant crystal temperatures. To ensure more precise predictions, the lattice constants of sapphire are measured here with a relative uncertainty of less than 1 p.p.m. in the temperature range from 286 to 376 K. The experimental set-up is described in x3 and the results are presented in x4.1.
Precise knowledge of the lattice constants in sapphire as well as the ability of sapphire crystals to re¯ect backwards X-rays of any energy in the 10±50 keV spectral range is used further in the paper to determine the wavelength of the 151 Eu, 119 Sn and 161 Dy Mo È ssbauer radiation. Mo È ssbauer radiation of different nuclei could provide a set of reference wavelengths in the hard X-ray range with uniquely small uncertainty and easy reproducibility. In use in crystallography, X-ray and nuclear spectroscopy today is the set of wavelengths of the K characteristic X-rays of atoms. A set of Mo È ssbauer wavelengths can take over this role, as brilliant Mo È ssbauer radiation sources are available at synchrotron radiation facilities worldwide. Mo È ssbauer radiation has at least 10 6 times smaller spectral width and is much less sensitive to the environment. However, the uncertainty in the knowledge of the absolute values of the wavelengths other than 57 Fe Mo È ssbauer radiation is at best no less than $10 p.p.m. (Kikuta, 1994; Leupold et al., 1996; Koyama et al., 1996) . In x4.2 we report on the measurements of the wavelength of the Mo È ssbauer transition in 151 Eu, 119 Sn and 161 Dy with an accuracy of 0.8±0.4 p.p.m.
Method
The experimental technique exploits the fact that the wavelength ! of the radiation back-re¯ected from the atomic planes with Miller indices hkl of a crystal is related to the interplanar distance d hkl by Bragg's law, ! = 2d hkl sin . For backscattering it simpli®es to ! = 2d hkl 1 À Á 2 a2, where Á = %a2 À is the angular deviation from exact backscattering. If Á 24 1a2 , where 4 is the required relative accuracy of measurements, the simple relation ! = 2d hkl is valid even for a relatively coarse angular adjustment, e.g. for Á 100 mrad the relative accuracy is better than 4 9 10 À8 . For a precise comparison of the X-ray wavelength and the lattice constant, a small refractive
correction has to be additionally taken into account. This is introduced below.
Determination of lattice constants
In the following, the theoretical background and sources of possible uncertainties of the measurements of lattice constants in terms of ! M are discussed.
If the crystal structure and thus the relations between the interplanar distances d hkl aY bY c and the lattice constants aY bY c are known, the lattice constants can be determined by measuring the wavelength ! of X-rays re¯ected backwards from different sets of atomic planes hkl.
The !-meter in our experiment is a silicon channel-cut crystal calibrated in units of ! M . Its re¯ectivity is described by the dynamical theory of Bragg diffraction in perfect crystals (see, for example, Pinsker, 1978) which takes into account effects of refraction and multiple scattering. It predicts that X-rays are re¯ected within a spectral range centred at ! c . The dependence of ! c on and on material parameters is given by
Here, d is the interplanar distance for the re¯ecting atomic planes of the !-meter crystal. This expression, used by Shvyd'ko & Gerdau (1999) , is valid at any angle including normal incidence. Obviously it reduces to the normal Bragg condition for = 0. Here,
is the real part of the correction to the complex refractive index n! = 1 À ! À i! of X-rays in the re¯ecting crystal; r e is the classical electron radius, V is the unit-cell volume, and N a , Z a and f H a are the number of a-type atoms in the unit cell, their atomic number, and their real anomalous correction to the forward-scattering amplitude, respectively. The complex part of the correction is ignored, which is valid for weakly absorbing crystals like Si and Al 2 O 3 .
Combining (1) and (2) we obtain the required relation sin ! c a2d 1 wY 3 which differs from Bragg's law by a small but important correction,
There is only a weak dependence of w on ! c . It is assumed to be constant in the spectral range ! M À 0.01 A Ê ! c ! M + 0.01 A Ê investigated in our experiment. This is justi®ed as f H Si ! c varies in this range at most by AE0X003 about its average value of 0.119 (Deutsch & Hart, 1984 , and thus w varies by less than 10 À8 compared with the leading term 1.
! c is changed by rotating the !-meter. The variation of the rotation angle 2 is measured in the experiment. If the rotation axis w of the !-meter is by the angle $ not exactly perpendicular to the incident beam k 0 , and the Si(777) re¯ecting planes build a non-zero angle with the rotation axis w, then the glancing angle of k 0 to the Si(777) re¯ecting planes is not equal to 2, and the relation between and 2 reads: sin = sin 2 cos cos $ + sin sin $. Combining this expression with (3), one obtains the relation between the rotation angle 2 and the wavelength ! c selected by the !-meter,
Here, = tan tan $ is the parameter which allows for a non-perfect alignment of the !-meter. d Ã is another instrumental parameter of the !-meter given by
Equation (1) can also be used to describe backscattering in the sample under study, a sapphire crystal. For this, d hkil , the interplanar distance of the atomic planes in sapphire re¯ecting X-rays backwards, should be substituted for d.² The spectral region of back re¯ection is centred at
Equation (6) is a general condition for Bragg backscattering which includes not only the deviation from normal incidence Á = %a2 À ( 1 but also the effect of refraction. As already mentioned, owing to the Á 2 -dependence in (6) a deviation from normal incidence even by an angle of, for example, Á 9 0.1 mrad changes the wavelength of the re¯ected radiation by only 5 Â 10 À9 ! c . In the following, this small correction is neglected. Therefore, 2d hkil will be used instead of ! c in the argument of . Also, the index Al 2 O 3 is omitted for simplicity. The real part of the refraction index corrections for Al 2 O 3 is calculated by (2) with f H a ! obtained from the library of anomalous scattering factors computed using relativistic Hartree±Fock±Slater wavefunctions (Kissel & Pratt, 1990; Kissel et al., 1995) .
In the experiment, the rotation angle 2 hkil of the !-meter at which it selects X-rays matching the backscattering re¯ection hkil is determined. By using (5) and (6) one obtains
Ã . Furthermore, (5) allows one to determine the reference rotation angle 2 M at which the !-meter selects the Mo È ssbauer radiation,
In the difference 2 hkil À 2 M = Á2 hkil , the uncertainty of the zero setting of the !-meter drops out. One obtains
Here,ã,b,c, x and are unknowns which should be determined. In principle, ®ve independent measurements of Á2 hkil are necessary for this. The number of unknowns and thus the number of measurements can be reduced to four provided the !-meter is well aligned. As is ascertained by the numerical analysis of (9), the parameter can be omitted without changing the result ofã,b andc by more than 10 À10 in relative units if the alignment parameter 10 À5 . The !-meter in our experiment is aligned better than this.
The technique described below relies on the strict ful®llment of the relation d hkil aY bY c between the interplanar distances and lattice constants. This should be the case in perfect crystals. Defects violate the periodicity of the crystal structure and thus the relation d hkil aY bY c. The validity of the relation and the errors in determining the lattice constant can be checked by measuring Á2 hkil for more back re¯ections hkil than required by the number of unknowns in the set of equations (9). ² In the following, four Miller indices are used to denote atomic planes of sapphire in the hexagonal basis. As usual, the relation h k i = 0 is valid.
Determination of wavelengths
The backscattering condition (6) is also used in the present studies for measuring the wavelength of the 151 Eu, 119 Sn and 161 Dy Mo È ssbauer radiation. Following the procedure described in the previous section, one determines for which re¯ection hkil and at what crystal temperature exact back-re¯ection occurs for the given Mo È ssbauer radiation and then measures the crystal lattice parameters at this temperature in terms of ! M . From the measured interplanar distance d hkil the wavelength is readily determined according to (6).
Experimental
The experiments were performed at the undulator beamline 3-ID at the Advanced Photon Source (Argonne). Fig. 1 shows the scheme of the experimental set-up for measuring lattice constants. A crystal under study is placed on a four-circle goniometer. It can be oriented to allow back re¯ections of X-rays coming from the !-meter (!).
Determination of lattice constants
Sapphire crystals grown by the heat-exchange method (Schmid et al., 1994) are used in the present studies. The dislocation density in the sample is 4 Â 10 3 cm À2 as measured with white-beam backscattering X-ray topography (Tuomi et al., 1974) by Chen et al. (2001) . The lattice constants are measured at different crystal temperatures in the range from 286 to 376 K. The crystal is kept in a furnace and maintained at a ®xed temperature with a stability of 1 mK .
A PT100 thermoresistor is used for the measurement of the crystal temperature. It was calibrated in the Physikalisch-Technische Bundesanstalt (Braunschweig, Germany) over the temperature range 291.3±299.2 K with an accuracy of 8 mK, and at 373 K with an accuracy of 10 mK. Using this calibration a linear correction is applied to the TR characteristic curve of the PT100 thermoresistor as given by the IEC751 standard.
The back re¯ections in Al 2 O 3 used in the experiment are listed in Table 1 .
The !-meter is a silicon channel-cut crystal. The symmetric Bragg re¯ection (777) is used. The crystal is kept at a constant temperature (303.8 K) with a stability of 2 mK. The channel-cut crystal is mounted on a high-angular-resolution rotation stage KOHZU KTG-15. It has a step width of 25 nrad. The rotation angle 2 is measured with a Heidenhain ROD800C angle encoder and an IK320 interpolation electronics, rendering an angular resolution of 43 nrad.
The intrinsic relative width of the Si(777) re¯ection on the wavelength scale for X-rays with ! 9 0.86 A Ê is Á!a! 9 3X5 Â 10 À7 , thus allowing wavelengths to be measured with a relative accuracy of better than 10 À7 . To achieve this precision, two conditions have to be ful®lled: (i) the vertical divergence of the incident beam should be less than the angular width of the (777) re¯ection, 1.2 mrad; and (ii) the direction of the incident beam should be kept constant independent of the X-ray wavelength. To ensure this, a system of two vertical slits, S1 = 60 mm and S2 = 60 mm, at a distance of 26.6 m is used. Owing to geometrical reasons, this is expected to provide a beam divergence of 2.3 mrad. The actual divergence is measured to be 9 mrad as determined from the width of the angular re¯ection curve measured with Mo È ssbauer radiation. This large divergence deteriorates the accuracy of the measurement.
If the wavelength of the radiation picked out by the !-meter coincides with ! M , it coherently excites the 57 Fe nuclei in an -Fe foil (F) installed downstream. The foil is 6 mm thick, enriched to 95% in 57 Fe. The excited nuclei emit Mo È ssbauer photons with coherent enhancement in the forward direction (Hastings et al., 1991; Shvyd'ko et al., 1991) , with an average delay of ( = 141 ns. This delay allows the discrimination of Mo È ssbauer quanta from the incident radiation pulse of duration $70 ps.
The detector, a silicon avalanche photodiode (Baron, 2000) , is placed immediately after the -Fe foil at a distance L = 6.2 m upstream from the backscattering crystal. Its time resolution is $0.7 ns. The silicon wafer of thickness 100 mm absorbs $35% of the incident radiation pulse. The transmitted radiation is re¯ected from the Al 2 O 3 crystals and arrives after 2Lac = 40 ns in the detector. The resulting time delay makes the re¯ected pulse easily distinguishable from the incident pulse. The detector's aperture is D 2 = 10 Â 10 mm. Thus, only those X-rays which deviate from exact backscattering by a maximum of Á = Da4L = 0.4 mrad are detected. Their relative energy dispersion is negligibly small at 0X5Á 2 8 Â 10
À8
[cf. equation (6)].
For each crystal temperature, the angles 2 hkil as well as the reference angle 2 M of the !-meter at which it selects the Mo È ssbauer radiation are measured. For a perfectly stable set-up the latter should be constant. Fig. 2 shows relative variations of 2 M from run to run. The typical duration of one run (measurement at one temperature) is 4±5 h. Since the wavelength of Mo È ssbauer radiation has no measurable variation, the graph demonstrates the stability of the experimental set-up. Table 1 Miller indices hkil of selected re¯ections in Al 2 O 3 with Bragg wavelengths ! B = 2d hkil 1 À close to ! M .
The ! B values are calculated by using the lattice constants at T = 287.3 K as obtained in the present studies. The angular deviation of the diffraction vector from the main crystallographic directions as well as the expected theoretical energy widths are also given. Figure 1
Experimental set-up for measuring lattice constants. X-rays after a high-heatload monochromator (not shown) pass through the vertical slits S1 and S2 at a distance of 26.6 m. !: !-meter; F: 57 Fe foil used as a source of Mo È ssbauer radiation of high brightness; D: semi-transparent avalanche photodiode with 0.7 ns time resolution; Al 2 O 3 : sapphire single crystal in a furnace on a fourcircle goniometer.
energy E, lifetime (, natural spectral width À = h -a( of the excited nuclear states in question, and targets used to generate Mo È ssbauer photons are given in Table 2 .
The nuclei excited with the prompt incident radiation pulses emit photons in a narrow energy band of $À (5±50 neV) with a delay $( (10±150 ns). The detector is installed slightly off the incident beam axis so that it is not overloaded with the high photon¯ux of the 1 eV broad beam. The prompt and the delayed radiation components hit the sapphire crystal.
In accordance with the selected isotope, the atomic planes hkil of the Al 2 O 3 sample as given in Table 3 are adjusted to a position almost normal to the incident beam by observing the corresponding Bragg back re¯ections.² The energy widths of the back re¯ections are in the meV range (Table 3 ). The temperature variation of the backscattering energies in Al 2 O 3 is typically 0X1 eV K À1 . Thus to observe backscattering of the prompt radiation component having an energy bandwidth of 1 eV, the crystal temperature should be correct to within $10 K. This is easy and performed at ®rst to orient the crystal. However, to observe backscattering of the Mo È ssbauer radiation, the crystal temperature must be tuned to the correct temperature with mK accuracy.
The crystal temperatures T at which backscattering of the Mo È ssbauer photons is observed and their widths ÁT are given in Table 3 . The corresponding energy widths ÁE are computed from ÁT by using the relation ÁE = Ead hkil dd hkil adT ÁT (cf. Shvyd'ko & Gerdau, 1999) with d hkil T values obtained from our present measurements. The experimental energy widths of the back re¯ec-tions are an order of magnitude larger than the expected theoretical values. All values are given in Table 3 . This is attributed to a relatively high dislocation density in the crystal. The crystal quality is another factor that deteriorates the accuracy of the present measurements.
The nuclear resonance in 161 Dy was observed in another experiment at the undulator beamline PETRA-1 (DESY, Hamburg) with a similar backscattering set-up and with the same sapphire crystal . Backscattering of the 161 Dy Mo È ssbauer radiation was observed from the atomic planes 3 2 5 52 in sapphire at a temperature which was T = 3.04 (1) K above the temperature of backscattering of the 57 Fe Mo È ssbauer radiation from the 1 3 4 28 atomic planes.
Data evaluation

Lattice constants of sapphire
Sapphire can be assigned to the hexagonal crystal system with two independent lattice constants a = b and c. The interplanar distance in a hexagonal lattice is given by
For each crystal temperature, the angular differences Á2 hkil therefore have to be measured for four different back re¯ections as listed in Table 1 . This allows us to compose four different sets, each with three equations of type (9), yielding its own solution for the three free parameters a, c and d Ã of the problem. An iteration method is used to solve these non-linear systems of equations.
From the four independent solutions, the averaged values of a and c and their standard errors are computed. The solution resulting from the combination of 0 0 0 30, 2 6 8 20 and 1 6 7 22 re¯ections is ignored, since it yields systematically signi®cantly different values. This is attributed to the fact that the 2 6 8 20 and 1 6 7 22 atomic planes are almost parallel (only $7 apart; cf. Table 1 ) which, in combination with insuf®cient crystal quality, may cause a large error. Mean values and standard errors of a and c are given in Table 4 for different temperatures in units of ! M and A Ê . The errors of a and c are primarily due to the averaging process, as described above. Other Relative variation (from run to run) of the reference angle 2 M , the angle of the !-meter at which it selects the Mo È ssbauer radiation.
Figure 3
The scheme of the set-up for observation of backscattering of the Mo È ssbauer radiation. An X-ray pulse after the high-heat-load monochromator (not shown) excites Mo È ssbauer nuclei in the target T, which scatter delayed Mo È ssbauer photons in the forward direction. D: avalanche photodiode; Al 2 O 3 : sapphire single crystal in a furnace on a four-circle goniometer. Table 2 Excitation energy E, lifetime (, natural energy width À, and target composition of selected Mo È ssbauer nuclei (Firestone et al., 1996) . ² The angular deviation from exact backscattering is Á = 0.4 mrad. The correction factor Á 2 a2 = 8 Â 10 À8 in equation (6) is ignored in the following evaluations.
error sources, namely the uncertainties in T and ! M , are about two orders of magnitude smaller.
A sixth-order polynomial is used to ®t the experimental data. The polynomial coef®cients are given in Table 5 . One should note that these formulae are not suitable for extrapolation of the lattice constants outside the 285.9±374.3 K temperature range, and do not correspond to any theoretical model of thermal expansion. Mean values of the lattice constants and the polynomial ®t are shown in Fig. 4 .
With the formula given in Table 5 we can calculate at room temperature T = 295.65 K the following lattice parameters,
and linear thermal expansion coef®cients
The relative deviations of the measured data from the values calculated with the interpolation formula are shown in Fig. 5 . Large deviations of the data calculated by using the ignored combination of 0 0 0 30, 1 6 7 22 and 2 6 8 20 re¯ections are clearly seen here. Table 4 and Fig. 5 also reveal larger errors for a and c at lower temperatures. This is attributed to the stronger variation of the reference angle of the !-meter, 2 M , at the beginning of the experiments, where the measurements at lower temperature were performed (see Fig. 3 and x3.1).
The smaller relative error in the determination of c compared with that of the a lattice parameter is evidently due to the fact that all reciprocal lattice vectors of the back re¯ections used in the measurements are much closer to the c-axis of the crystal. Table 4 Lattice constants of Al 2 O 3 in the temperature range 285.9±374.3 K. Table 5 Interpolation formulae for lattice constants of Al 2 O 3 in the temperature range 285.857±374.287 K.
Lattice constants a and c of Al 2 O 3 . The solid line is a sixth-order polynomial ®t with the parameters given in Table 5 . With the measured temperature dependence of the lattice parameters of sapphire (Tables 4 and 5 ), the crystal temperatures for backscattering of Mo È ssbauer radiation (Table 3 ) and equations (10) and (6), it is now possible to determine wavelengths of the 151 Eu, 119 Sn and 161 Dy Mo È ssbauer radiation. The results are presented in Table 6 .
The major source of the errors for the! values are the uncertainties in the lattice parameters of sapphire. The uncertainty of ! and E includes additionally the uncertainty of ! M .
Our results agree well with the Mo È ssbauer energy values previously reported by Koyama et al. (1996) and Leupold et al. (1996) for 151 Eu, E = 21541.49 (16) eV and E = 21541.7 (5) eV, respectively, by Kikuta (1994) for 119 Sn, E = 23879.5 (5) eV, and by Koyama et al. (1996) for 161 Dy, E = 25651.29 (16) eV. The relative uncertainty of our data is smaller by more than one order of magnitude.
Discussion and conclusions
The newly proposed atomic-scale length standard, i.e. The relative experimental accuracy in the determination of the lattice constant c of Al 2 O 3 is in the range 0.4±0.1 p.p.m. The relative accuracy in the determination of the lattice constant a is in the range 2±0.6 p.p.m. The relative accuracy in the determination of the wavelength of Mo È ssbauer radiation is in the range 0.4±0.7 p.p.m.
The main factors which have deteriorated the accuracy were (i) the divergence of the beam (9 mrad instead of the expected 2 mrad), and (ii) crystal lattice defects in the Al 2 O 3 sample. A perfect crystal would have allowed ten times more precise measurements.
All the measured values are given both in ! M units and in metres. Therefore, a re®nement of the ! M value would allow one to recalculate all other values.
The measured wavelength of Mo È ssbauer radiation could be used as a set of reference wavelengths in the hard X-ray range of the electromagnetic radiation spectrum, providing a uniquely small uncertainty and easy reproducibility.
The measured temperature dependences of the lattice constants of Al 2 O 3 could be used in the design of high-energy resolution monochromators and analyzers, as the data obtained now allow one to predict more precisely Miller indices of back re¯ections and relevant crystal temperatures for desired X-ray energies.
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